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Abstract: In many industrial situations, process stability has to be determined with the 

help of two or more quality characteristics simultaneously. Many researchers in the past 

used fuzzy set theory to model linguistic data and construct control charts. In many such 

charts, the assumption of fuzziness is not retained through all the steps. The current paper 

considers the case when quality experts subjectively estimate correlated multiple-attribute 

quality characteristics.  These estimates are used to find the aggregate fuzzy values of the 

samples, using interactive fuzzy addition. Two fuzzy control charts are developed, one 

based on possibility measure and the other on the necessity measure. The paper proposes a 

novel approach that uses the concept of the α-level and β-level set to identify the specific 

quality characteristic(s) that are responsible for an out-of-control condition of the process.  

Keywords: Correlated quality characteristics, interactive weighted addition of fuzzy 

values, possibility and necessity measures, and fuzzy control charts 

1. Introduction  

 

Statistical process control concepts and methods have been very important in the 

manufacturing and process industries. Their principal objective is to monitor the 

performance of a process over time in order for the process to achieve a state of statistical 

control. Often the quality characteristics of interest could be correlated and many in 

number, and they could need subjective assessment by quality experts.  Researchers in the 

past have considered these features separately.  In this paper, we integrate these concepts 

and suggest an approach for designing control charts for multiple-attribute quality 

characteristics whose values are estimated subjectively. The approach also provides a 

method to identify the specific variables that cause a process to go out of control. 

     Based on fuzzy and probability theory, Taleb and Limam [1] developed fuzzy 

multinomial control charts and used two statistics to monitor multivariate attribute 

processes when data are presented in a linguistic form.  According to Cheng [2], the Taleb 

and Limam’s approach does not retain the fuzziness assumption through all the 

methodological steps. Cheng [2] proposed an alternative approach to construct univariate 

fuzzy control charts by associating fuzzy numbers with experts’ scores on quality 

characteristics.  

     In the current paper, we integrate these concepts and develop a method to construct 

fuzzy control charts for a product having multiple attribute-type characteristics that are 

correlated and are measured by experts on a linguistic scale.  

2. Methodology 

Before formulating the model, we first introduce the symbols used in the model. We 

develop the model, describing how the subjective scores given by the experts on the 
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values of quality characteristics are converted into fuzzy quantities, how they are ranked, 

and how they are used to detect the out-of-control condition of a process. 

Notation 

We use the following notation to describe the model:  

i Index for the sample number, i = 1, 2, . . ., I 

j Index for the items in a sample,  j = 1, 2, . . ., J 

k Index for the quality characteristic of a product,  k = 1, 2, . . ., K 

l Index for the expert,  l = 1, 2, . . ., L 

qijkl Numerical value given by the l
th

 expert for the  k
th

 quality characteristic 

of the j
th 

item in the i
th

 sample.  

ijkq~  Fuzzy value for the k
th 

quality characteristic of the j
th 

item in the i
th 

sample 

wk Weight assigned to the k
th 

quality characteristic 

ikq~  Average fuzzy value for the k
th

 quality characteristic of the i
th

 sample. 

iq~  Aggregate fuzzy value of quality of the i
th

 sample. 

q~  Fuzzy value for quality to be achieved by process  

 

2.1   Model Description           

 

We consider a product that has multiple attribute-type characteristics that are correlated 

and whose values are subjectively estimated by quality experts. We assume that for the 

purpose of process control, a sample of items is collected from the final products 

manufactured by a process. A number of quality experts judge the value of each quality 

characteristic of every item in the sample in an ordinal scale, rating them as good or bad 

or high or moderate or low, etc.   

     Consider that the product has K quality characteristics Q1, Q2, . . .,Qk and that a quality 

characteristic k is evaluated by the experts on an ordinal scale 1, 2, . . ., Gk. The problem is 

to judge whether the process is in control on the basis of the experts’ subjective estimates 

of such correlated attribute-type quality characteristics of items in a number of samples. 

We define qijkl  as the score given by the l
th

 expert on the k
th

 quality characteristic of the j
th 

item belonging to the i
th 

sample (i =1, 2, . . ., I; j =1, 2, . . ., J; k =1, 2, . . ., K; and l =1, 2, 

....., L).  

     The scores on a particular quality characteristic, given subjectively by the experts, 

represent a sample drawn from the possibility distribution of the rating process. We have 

used the method proposed by Cheng [2] to express the aggregate score given by experts 

on each quality characteristic of an item of a sample as a fuzzy number ijkq~ and 

determine its membership function.  

     We represent ijkq~  as a triangular fuzzy number )
~

,~,m~( ijkijkijk βα , where ijkm~  is the 

value of ijkq~  with its membership function taking a value 1, and ijk
~α and ijk

~
β  denote the 

distances of ijkq~  from ijkm~  to its left and right extremes respectively with the 

corresponding membership values as 0.  

The average of the k
th

 quality characteristic for all items in a sample i, ikq~ , is another 

fuzzy number )
~

,~,m~( ikikik βα  which is obtained as follows: 
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     The final aggregate fuzzy quantity iq~  of the quality of sample of items aggregated over 

the K quality characteristics is given as 

ik

K

1k
ki q~.w  q~ ∑

=
=  (1) 

where, wk is the weight assigned by the process managers (or experts) to the fuzzy 

quantity of the quality characteristic ikq~  and is constrained by 

∑

=
=

K

1k
k 1w  (2) 

     As noted earlier, the K quality characteristics of the product may be correlated. To take 

account of such correlation, the method proposed by Carlsson et al. [3] is followed here to 

calculate the weighted sum of the fuzzy quantity of the correlated quality characteristic. 

2.2    Detection of Process Shift and Variability 

2.2.1 Estimation of Process Mean to be achieved by the Process ( q~ ) 

To start with, we assume that the process is in statistically stable state. A number of 

samples of 20 items each are collected and the experts’ scores are taken for each quality 

characteristic in a sample for every item. The fuzzy aggregate quantity for the quality of 

sample, q~ , is calculated by the method mentioned in the previous section. This quantity 

gives the fuzzy value that needs to be achieved by items manufactured from the process. 

2.2.2 Use of the Estimated Process Mean to Construct Control Chart 

Once the process mean is fixed, random samples are taken at regular intervals to detect 

whether the process is in control or not. For a sample i, iq~ , the fuzzy aggregate quantity 

for the quality of sample obtained from eq. (1) using interactive sum of fuzzy numbers, is 

compared with q~ , the quality that has to be achieved by the process. If iq~  is greater than

q~ , then manufacturing process is considered as in control. If iq~ is not greater than q~ , then 

following Prade [4], we test for the proximity of iq~ to q~ , using the concepts related to 

possibility theory. The process of ordering of fuzzy numbers and possibility theory is 

discussed in the next section. 

2.3   Ordering of Fuzzy Numbers 

We follow the procedure suggested by Buckley [5, 6] to order the fuzzy numbers.  

Consider two fuzzy numbers M
~

and N
~

. M
~

N
~

< if the following holds: 

1) M
~

N
~

υ( =≤  and η) N
~

M
~

υ( <≤  (3) 

where, for all values of x and y, y}x |(y))N
~

(x),M
~

 max{min( ) N
~

M
~

υ( <=≤ and η is 

generally taken as 0.8 (some fixed fraction in (0, 1]).  
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2.4   Possibility Measure and Necessity Measure 

The purpose of finding the possibility and necessity measures is to determine how close 

the sample aggregate value is to the process mean to be achieved. If they are very close, 

then the process is considered to be in control. 

     Following Prade [4], the possibility measure of the variable iq~ satisfying the condition 

" q~  is iq~" is defined as 

     

)}]z( ),z([min{ sup  )q~|q~(Pos
iq~q~

Uz
i Πµ

∈

=

 

(4)

 

where, )z(
iq~Π is the possibility distribution of iq~ , U is the universal set, and z is an 

element of U. The necessity measure of the variable iq~ satisfying the condition " q~   is q~" i

is defined as 

 

)}]z(1),z([max{ inf  )q~|q~(Nec
iq~q~

Uz
i Πµ −=

∈  

(5)

 

2.5   Verification of Sample with In-Control Process Mean     

For a process to be considered in control, either of the following two conditions are to be 

satisfied: (1)  iq~  should be more than q~ for which the criteria for ordering of fuzzy 

numbers given in eq. (3) should be satisfied and (2) the possibility measure of fuzzy 

sample mean, iq~  must be greater than or equal to a threshold parameter α, 0 ≤ α ≤1, 

whose value is to be specified by experts. The parameter α reflects the possibility of 

rejecting a true hypotheses that the process mean is in control. The second condition is 

equivalent to the following property (Prade [4]): 

 

If  ,)q~|q~Pos( i α≥ then  φαα ≠]q~[]q~[ iI  (6) 

where α[.] denotes the α-level set. The above measure (eq. (6)) can only indicate the 

proximity of the mode of the sample mean with that of the in-control process mean. A 

case may exist when the degree of fuzziness of such a mean can still be far greater than 

the desirable value. So, the necessity measure is used to satisfy the fuzziness aspect. The 

necessity measure of the fuzzy sample mean iq~ must be greater than or equal to threshold 

value β, 0 ≤β ≤1, whose value is to be specified by experts. This condition is equivalent to 

the following property:    

If β≥)q~|q~Nec( i   , then β1iβ ]q~[]q~[ −⊃  (7) 

     The parameter β reflects the possibility of rejecting the true hypotheses that the process 

variability is tolerably small. Usually, α and β values are taken as 0.8 and 0.2 respectively.  
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2.6   Method for Detecting Quality Characteristic(s) Causing Out-of-Control  

        Situation 

In this paper, we provide an approach for detecting quality characteristic(s) responsible 

for an out-of-control situation (if any). If a sample shows out of control condition by the  

measures given in Section 2.5, i.e., iq~ is not close to q~ , then if  r out of K characteristics 

are actually out -of-control,  then ij
'
j

'
i q~.w  q~ ∑= , summed over the remaining K–r 

characteristics,  should be either greater or close to q~ . Here, the weights are increased in 

such a way that they have their relative importance '
iw same as before and the condition 

such that 1w
'
i =∑ . For example, consider three characteristics, Q1, Q2 and Q3.  If neither 

3i32i21i1 q~.wq~.wq~.w ++  is found to be greater than q~ nor their proximity measure is less 

than the required value, then one suspects the process to be out of control. If the reason for 

this out-of-control condition is only due to Q3, then either  2i
'
21i

'
1 q~.wq~.w +   has to be 

greater than q~ or the proximity between 2i
'
21i

'
1 q~.wq~.w + and q~ is high.  

3. Application of the Method 

We assume a hypothetical case where the product has three quality characteristics; every 

sample drawn has three items; and five experts rate the quality characteristics in a scale of 

1 to 10, 1 indicating the lowest value and 10 the highest value of a quality characteristic. 

We assume q~  to be the quality to be achieved. 

     On the basis of a randomly drawn sample i, we propose the following eight-step 

procedure for judging whether a process is in control or out of control: 

 

Step-1:  Identify the three quality characteristics, Q1,Q2 and Q3.  

Step-2:  Obtain the weight for each quality characteristic from the experts. Let the  

 weights  for Q1, Q2 and Q3 be w1,w2and w3 respectively. 

Step-3:  Obtain score qijkl for the three quality characteristics from the three experts for all  

 Three items in the sample. 

Step-4:  For the j
th

 item in the i
th

 sample, calculate fuzzy number ijkq~  for each quality  

 characteristic using the method given Cheng [2]. 

Step-5: Calculate the average value of the quality characteristic taken on all items ( ikq~ )  

 using eq. (1). 

Step-6: Obtain the membership function for the aggregate fuzzy number ( iq~ ). 

Step-7: Plot the aggregate fuzzy number ( iq~ ) and quality to be achieved by the process 

( q~ ). 

Step-8:  Decide whether the process is in control using either ordering of fuzzy numbers 

or possibility and necessity measures given in Section 2.3 and Section 2.4. If the  

 measures satisfy the given condition, then sample is considered to be in control.  

 Else, we need to follow the method given in section 2.6. 
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4.   Fuzzy Control Charts Using Possibility and Necessity Measures 

One requires constructing two fuzzy control charts, one using the possibility measure and 

the other using the necessity measure.  Each of the two fuzzy control charts has the 

sample numbers in its abscissa.  The fuzzy control chart using the possibility measure has 

α-level set of the process mean with the lower and the upper values of the set indicated by 

two horizontal lines.  The α-level sets of the aggregate fuzzy sample values are plotted on 

this chart in the form of vertical lines.  A fuzzy control chart using the necessity measure 

has β-level set of the process mean with the lower and the upper values of the set 

indicated by two horizontal lines.  The (1–β)-level sets of the aggregate fuzzy sample 

values are plotted on this chart in the form of vertical lines.   

     To illustrate the construction of a control chart, we consider five samples. Table 1 

gives the average fuzzy value for the three quality characteristics of each sample and 

corresponding α-sets and (1–β)-sets. We assume desired quality to be fuzzy number (5, 1, 

and 1).  For desired quality fuzzy number, α-set and β-set are obtained as {4.8, 5.2} and 

{4.3, 5.7} respectively.   
 

Table 1: Average Fuzzy Numbers for the Experts’ Scores and Corresponding α- and (1–β)-sets 

Sample 

number 
11q~  12q~  13q~  α-set (1-β)-set 

1 (5.73,2.28,3.16) (5.07,1.86,4.29) (5.73,3.38,1.92) {5.4,5.6} {5.4, 

5.6} 2 (5.73,2.28,3.16) (5.73,2.28,3.16) (5.73,2.28,3.16) {5.65,5.9} {5.6,5.9} 

3 (5.25,1.23,2.01) (5.25,1.23,2.01) (5.25,1.23,2.01) {5.2,5.3} {5.2,5.4} 

4 (5.25,1.2,2.31) (5,2.45, 2.45) (5,2.45, 2.45) {5,5.2} {5,5.25} 

5 (3.75,2.02,1.21) (5,0.14,2.21) (5,0.14,2.21) {4.6,4.7} {4.55,4.7

} 
As mentioned earlier in this section, we need to use properties defined in eq. (6) and eq. 

(7) to draw the fuzzy control charts.  Fig. 1 represents the fuzzy control chart using 

possibility measure. The two horizontal lines in figure show the lower and upper bounds 

of the α-level set of q~ (here α = 0.8).Vertical line at every sample point denotes the α-

level set of iq~ . From samples 1 and 2, we consider the process to be in-control, as they 

were decided based on ordering of fuzzy numbers rather than possibility and necessity 

measures, and hence are not plotted on these control charts.  

 

 

 

 

 
Figure 1: Fuzzy Control Chart using Possibility 

measure 

        Figure 2: Fuzzy Control Chart using Necessity 

Measure  

In control chart using possibility measure, an out-of-control situation occurs when 

intersection between α-level set of q~ and α-level set of iq~  is a null-set. We can clearly see 
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that only sample 5 gives an out-of-control signal and hence, we conclude that process may 

go out-of-control. To draw a definite conclusion, we need to examine the control chart for 

necessity measure. 
    Figure 2 represents the fuzzy control chart using the necessity measure. Using eq. (7), 

we say that no sample shows an out-of-control situation. 

     Because the two control charts lead to two different conclusions, we need to check 

both possibility and necessity measures in deciding the state of the process, instead of 

taking decision on the basis of only chart. If both indicate an in-control condition, then the 

process is considered to be in control. If, on the other hand, one or both of the charts show 

an out-of-control signal, then we conclude that the process is out of control. In the above 

example, we conclude that the process is out of control because the possibility chart gives 

an out-of-control signal.  

 

 

 

 

 

 

 

 

 

 

 
Figure 3: Flowchart Showing a Procedure for taking Decision for Process Control 

5.    Conclusion, Limitations, and Future Scope 

The paper combines the contributions of various past researchers and presents a 

comprehensively derived model for design of control charts for multi-attribute quality 

characteristics. Ordering of fuzzy numbers and the concepts of possibility and necessity 

measures are used to identify the quality characteristics that cause a process to go out of 

control. We summarize the procedure for judging the stability of a process, on the basis of 

a randomly selected sample, in the form of a flowchart given in Fig. 3. 

 

Obtain sample aggregate value ( iq~  ) and process desired mean value ( q~  ) 

Is  

q~q~i > ? 

Yes 

Process is in control 

Process is out of control 

Is  

α≥)q~|q~Pos( i

? 

Is  

β≥)q~|q~Nec( i

? 

Yes 

No 

No No 



652                                       Sai Anjani Kumar K.V.N  and Pratap K. J. Mohapatra 

 

     Two limitations of the proposed approach are worth mentioning.  First, the paper 

considers only three quality characteristics to demonstrate the use of the method of 

finding the out-of-control conditions and the quality characteristic(s) causing the process 

to go out of control.  When the number of quality characteristics exceeds 3, manual 

computation can be very tedious.  Second, the choice of weights by the experts plays an 

important role in evaluating the aggregate fuzzy value of the sample quality.  Unless the 

weights are selected very carefully, the inference drawn about the control conditions may 

change. 

      The work presented in this paper can be extended in at least two directions.  The first 

is a variation of our method to handle cases of quality characteristics that are not all 

correlated.  To handle such a case, one needs to separate out those characteristics that are 

independent.  For these characteristics, one needs to draw separate Shewhart control 

charts.  For the remaining correlated quality characteristics, one can use the method 

proposed in this paper.  The second is to explore the sensitivity of the fuzzy control chart 

decisions to the choice of values of α, β and the weights of the selected quality 

characteristics. 
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